Lattice polytope representation of natural numbers is introduced based on the fundamental theorem of arithmetic. The combinatorial and geometric properties of the polytopes are studied using Polymake and Qhull software. The volume of the polytope representing a natural number and the sum of the volumes of polytopes representing a subset of natural numbers are further examined.
Figurate numbers are a sequence of numbers associated with a certain geometric form in 1, 2, 3, or higher dimension. Polygonal and pyramidal numbers are examples of 2D and 3D figurate numbers. A figurate number presents the links between Arithmetic and Geometry [1] . The objective of this paper is to establish a link between natural numbers and geometry by representing the natural number using geometric objects. Each natural number is "assigned" to a geometric object or, more precisely, a multi-dimensional lattice polytope. The construction of the polytope is based on the fundamental theorem of arithmetic. Th ese lattice polytopes constructed serve as the "number figures" that represent the natural numbers.
Representation of Natural Numbers by Convex Lattice Polytopes
Natural numbers are positive integers, and the set of natural numbers is denoted by = {1, 2, 3, … }.
The fundamental theorem of arithmetic (or factorization theorem) states that every positive integer except the number 1 can be represented uniquely as a product of one or more prime numbers [2] . For any natural number, a lattice polytope can be defined based on the factorization theorem. The expression of M in Definition 1.1 has exactly n prime numbers and the exponent , is a non-negative integer, which is slightly different from the prime factorization of natural numbers normally formulated, in which all exponents are positive integers.
With Definition 1.1, every natural number is represented by a ( )-dimensional lattice polytope constructed by lattice points associated with the consecutive natural numbers from 1 to . Note that the lattice point associated with the number 1 is at the origin of the Euclidian space with coordinates of zero in all dimensions. The first 16 natural numbers and the volumes of the polytopes representing the numbers are calculated using Qhull (2019.1) software [3] and given in Table 1 .1. {(0,0,0,0),(2,0,0,0),(0,1,0,0),(1,1,0,0),(0,0,1,0),(0,0,0,1)} 1/8 8 8 {(0,0,0,0),(3,0,0,0),(0,1,0,0),(1,1,0,0),(0,0,1,0),(0,0,0,1)} 1/6 9 {(0,0,0,0),(3,0,0,0),(0,2,0,0),(0,0,1,0),(0,0,0,1)} 1/4 10 10 {(0,0,0,0),(3,0,0,0),(0,2,0,0),(0,0,1,0),(1,0,1,0),(0,0,0,1)} 1/3 11 5 5-polytope 11 {(0,0,0,0,0),(3,0,0,0,0),(0,2,0,0,0),(0,0,1,0,0),(1,0,1,0,0), (0,0,0,1,0),(0,0,0,0,1)} 1/15 12 12 {(0,0,0,0,0),(3,0,0,0,0),(0,2,0,0,0),(2,1,0,0,0),(0,0,1,0,0), (1,0,1,0,0),(0,0,0,1,0),(0,0,0,0,1)} 3/40 13 6 6-polytope 13 {(0,0,0,0,0,0),(3,0,0,0,0,0),(0,2,0,0,0,0),(2,1,0,0,0,0),(0,0,1,0,0,0), (1,0,1,0,0,0),(0,0,0,1,0,0),(0,0,0,0,1,0),(0,0,0,0,0,1)} 1/80 14 14
{(0,0,0,0,0,0),(3,0,0,0,0,0),(0,2,0,0,0,0),(2,1,0,0,0,0),(0,0,1,0,0,0), (1,0,1,0,0,0),(0,0,0,1,0,0),(0,0,0,0,1,0),(1,0,0,1,0,0),(0,0,0,0,0,1)} 11/720 15 15 {(0,0,0,0,0,0),(3,0,0,0,0,0),(0,2,0,0,0,0),(2,1,0,0,0,0),(0,0,1,0,0,0), (1,0,1,0,0,0),(0,1,1,0,0,0),(0,0,0,1,0,0),(0,0,0,0,1,0),(1,0,0,1,0,0), (0,0,0,0,0,1)} 7/360 16 16
{(0,0,0,0,0,0),(4,0,0,0,0,0),(0,2,0,0,0,0),(0,0,1,0,0,0),(1,0,1,0,0,0), (0,1,1,0,0,0),(0,0,0,1,0,0),(0,0,0,0,1,0),(1,0,0,1,0,0),(0,0,0,0,0,1)} 1/45
Studies of Polytope Properties Using Polymake
The convex lattice polytopes representing the natural numbers are studied using Polymake [4] [5] (version 3.2 and Version 4.0) with Ubuntu [6] operating system.
Every polytope representing a natural number > 1 can be constructed by adding theth lattice point to the polytope representing the previous number, − 1. Thus, the construction of the polytopes can be done sequentially staring from smaller numbers. Some of the properties of the polytopes representing the natural numbers up to 448 are provided in Appendix A. Polytopes for natural number bigger than 448 have not been calculated due to RAM limitation of the computer used.
The parameters of the polytopes listed in Appendix A are the following:
-Column 1: Natural number, N, which is also the number of lattice points of the polytope, N_LATTICE_POINTS (notation used in Polymake); -Column 2: The diameter of the polytope, DIAMETER; Therefore, the polytope defined by Definition 1.1 has no internal lattice points, and all lattice points are located on the boundary of the polytope. This type of polytope is called hollow polytope [7] . Property 3.1 is confirmed by the coefficients of the ℎ * polynomials and the degrees of the polytopes representing natural numbers up to 66 given in Table 3 .1, in which the degree of the polytope (or the degree of the ℎ * vector), deg (P), is less than the dimension of the polytope, that is
The number of interior lattice points is related to the -th coefficient of the ℎ * polynomial by (Proposition 1.3.3, Gabriele Balletti [8] )
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Then
Since the number of lattice points in the polytopes defined in Definition 1.1 for a natural number is equal to the number itself, we have
a relationship confirmed by the results shown in Table 3 .1.
Remark 3.1. The ratio of the number of vertices to the number of lattice points approaches 0.5 as N increases
The ratio of the number of vertices to the number of lattice points is shown in Figure 3 .1. Starting from 1 (for polytopes representing the numbers 1, 2, and 3), the ratio zigzags downward and becomes more stabilized around 0.5 as the number of vertices increases, although the ratio of a few data points goes below 0.5. 
The entries of the F-vectors of the polytopes for natural numbers up to 69 are given in Appendix B.
Geometric Properties
Property 4.1. The Diameter of the polytope defined by Definition 1.1 is less than or equal to 2, or
The distance between two vertices of a polytope is the minimum number of edges in a path joining the two vertices. The diameter of a polytope is the greatest distance between two vertices of the polytope [10] . It can be seen from Appendix A that the diameter of all polytopes is 2, except that of the polytopes for N = 2, 3, 4, 5, 9, which are simplexes with diameter of 1. This means, any two vertices on the polytope representing a natural number are connected through at most two edges.
The diameters of the polytopes for the natural numbers up to 11 satisfy
where is the number of facets and is the dimension of the polytope. The values of the diameters of the polytopes given in Appendix A do not violate the Hirsch conjecture,
although the Hirsch conjecture has been shown not true in all cases [11] .
Here are some ideas regarding the proof of Property 4.1. In general, the volume decreases exponentially as the natural number increases. We know from Property 3.1 that the polytope defined by Definition 1.1 is hollow and does not have any interior lattice points. Let's determine the volume of this type of polytope by assuming that the n-dimensional polytope representing the natural number N has just one interior lattice point, L and 1 < ≤ .
We need the point L stay as close as possible to the origin so that the volume of the polytope is minimized. In doing so, the coordinates of L have to be 1 in all dimensions.
The (n-1)-dimensional affine plane in which the lattice point L is located satisfy the following equation
where x i is the Cartesian axis in i-th dimension and integer is the intercept on x i axis.
The volume of the n-dimensional simplex formed by the (n-1)-dimensional affine plane and the half spaces ≥ 0 is
Since the point L(1,1, …, 1) is on the affine plane, the following condition should be satisfied.
It can be shown that the minimal volume of / ! is achieved at = .
In order to make point L an interior point of the n-dimensional simplex, the affine plane should be moved above the point L, which can be achieved by increasing one of the intercepts by 1 (from n to n + 1). In this case, the volume of the n-simplex increased to ( + 1) −1 / ! . Therefore, the minimal volume of the n-dimensional simplex representing the number, N, with one interior lattice point is
As ( + 1) −1 / ! is always greater than 1 for ≥ 1, which is contradictory to the fact that all the polytope volumes listed in Appendix A are less than or equal to 1. Thus, none of the polytopes should have any internal lattice points, as far as the polytopes listed in Appendix A are concerned. represents the number − 1 is ( −1 ). If the next number p is a prime number, the polytope for the number is constructed by using the polytope −1 as its base and adding a new dimension perpendicular to the base polytope −1 . From Definition 1.1, the number is expressed by
Since is a prime number and = , the exponents , = 0 except that , = 1. The coordinates of the newly added vertex by the prime number is p(0, 0, 0, … , 1) ∈ . The unit vector from the origin to the vertex is perpendicular to the base polytope, and the volume of the polytope constructed, = { −1 ⋃{ }}, which is a pyramid, can be calculated by multiplying the volume of the base polytope by the height of this unit vector added and divided by the dimension number of the new dimension, ( ).
Property 4.5. The polytope volume for the number before a prime number decrease as prime count increases
Another observation can be made from the Appendix A is that, as the prime count in crease the polytope volume of the number before a prime number decreases, except for the cases from 1 to 2 and from 1 (or 2) to 4, in which the polytope volume stays the same.
If M is the largest number among all the consecutive numbers sharing the same prime count ( ), and N is the largest numbers among those sharing the same prime count ( ), then 
Property 4.6. The polytope volume for a smaller prime number is larger that of a bigger prime number
For any two prime numbers, 1 and 2 with 1 < 2 , then ( 1 ) > ( 2 ).
Based on the Properties 3.4.2 through 3.4.5, we have the following conjecture Assuming there exist only m prime numbers, 2, 3, 5, … , p . Since all the number greater than p would share the same prime count ( ), all the polytopes for numbers greater than would be m-dimensional. Thus, if the number of prime numbers were finite, -Polytopes representing any number greater than or equal to ∏ =1 would have an interior lattice point (1, 1, 1, …, 1) in R m ;
-The volume of the polytope representing any number greater than would increase monotonously as the number increases; and -The sum of the volumes of the polytopes representing all the natural numbers approach infinity.
However, none of the above is observed from the results shown in Appendix A. 
The first 123 digits of the constant ρ is 5.4291541239599513331821330574579677260759774480891323172902260478208759782580787 8706340351663749851615045431536760179642454.
The sum of the volumes representing all prime numbers is equal to e, the base of the natural logarithm (see Section 5) . Thus, the ratio of the polytope volume of all the natural numbers to that of all the prime numbers is ρ/e. The value of ρ/e equals approximately to 1.997274185156, which is close to 2.
Polytopes Representing a Subset of Natural Numbers
Definition 1.1 can be modified to cover a subset of natural numbers. In this case, the polytope representing the same number could be different from that when all the natural numbers are considered. If we consider only prime numbers, the polytope representing prime numbers will become simplexes. The polytope representing the number 7, for example, is a 3-simplex with a volume of 1/24. However, if we consider all the natural numbers, the polytope representing the number 7 is a 4-polytope with a volume of 1/8.
In both scenarios, the polytope is constructed based on the principle that each of the prime numbers represented as a dimension in the Euclidian space. With the same principle, all odd numbers could be represented by polytopes. However, if prime numbers are used as the basis of the polytopes, the number "2" must be included in the subset simply because 2 is a prime number. Likewise, all the even numbers and prime numbers as a group can also be represented with prime number-based polytopes. Table 5 .1 gives the volumes of polytopes representing the first few numbers for different subsets of natural numbers. The sum of the polytope volumes is given in the last row in Table 5 .1. The sum of the volumes of a subset of natural numbers is unique and can be considered as the "signature" of the subset of the natural numbers.
The sum of the volumes for "1, even numbers and odd prime numbers" is 1 =4.959679166008817566610613311094793593311925263378773040217956513072423046445 02259… and the ratio ρ 1 /e=1.824563999980…
The sum of the volumes for "2 and odd numbers" is 2 =2.816099274904825115640699668147225747548276740523014622465636318657579706962 24029… and the ratio ρ 2 /e=1.035985027535… representing these types of natural numbers are also given in Table 5 .1. 
* the number given in the parenthesis is the dimension of the polytope.
In general, any subset of the natural numbers,
, can be used as the basis in constructing the polytopes representing another subset of natural numbers , , as long as every number in T can be expressed uniquely as the product of the elements in S, just like the canonical representation [12] of natural numbers by prime numbers.
Conclusions
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